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Carlos Barros
CAPÍTULO 1





L ∈ R f(x)

x0 ∈ R f(x) L x x0

ĺım
x→x0

f(x) = L.

f(x) x0

L

f(x) x0 f(x) L x

x0 x < x0

ĺım
x→x−

0

f(x) = L.

L f(x) x0

f(x) L x x0

x > x0

ĺım
x→x+

0

f(x) = L.

f(x) x0

ĺım
x→x−

0

f(x) = L

ĺım
x→x+

0

f(x) = L

⎫
⎪⎪⎬

⎪⎪⎭
=⇒ ĺım

x→x0
f(x) = L.

f(x) = 0,3x2 x ∈ Df

x → 3



f(x) x

x f(x) = 0,3x2

2,80 2,352

2,85 2,437

2,90 2,523

2,95 2,611

3,00 2,700

x f(x) = 0,3x2

3,20 3,072

3,15 2,977

3,10 2,883

3,05 2,791

3,00 2,700

⇓ ⇓

ĺım
x→3−

0,3x2 = 2,7 ĺım
x→3+

0,3x2 = 2,7︸ ︷︷ ︸
⇓

ĺım
x→3

0,3x2 = 2,7

y = f(x)

x



f(x) = −(x − 2)2 + 3 x ∈ Df

x → 2

x = 2

x

x f(x) x0

f(x) x x0

x

(Df ) x0

x x0 x → x0

x x0 x0



x0 x x0

x → x−0

ĺım
x→x−

0

f(x)

x0 x x0

x → x+0

ĺım
x→x+

0

f(x)

f(x) =
x

x+ 1
x = −1

f(x)

x

x f(x)

−1,13 8,692

−1,12 9,333

−1,11 10,091

−1,00

x f(x)

−0,97 −32,333

−0,98 −49,000

−0,99 −99,000

−1,00

⇓ ⇓

ĺım
x→−1−

x
x+ 1

ĺım
x→−1+

x
x+ 1︸ ︷︷ ︸

⇓

ĺım
x→−1

x
x+ 1



x x0

f(x) x = −1

x → x0 f(x)

ĺım
x→a

f(x) = ±∞

f(x) =
1

x2
x → 0



x f(x)

−0,1 100

−0,01 10000

−0,001 1000000

x f(x)

0,1 100

0,01 10000

0,001 1000000

⇓ ⇓

ĺım
x→0−

1
x2

= +∞ ĺım
x→0+

1
x2

= +∞︸ ︷︷ ︸
⇓

ĺım
x→0

1
x2

= ∞

x = 0

0

x = 0



R

δ ∧ x0 ∈ R ∀δ > 0 x0

δ > 0 Vδ(x0) Vδ(x0) = {x ∈ R/|x− x0| < δ}

x0 δ

Vδ(x0) x0

x0 δ > 0 V ′
δ (x0)

V ′
δ (x0) = {x ∈ R/0 < |x− x0| < δ}

x0 δ

x0 δ > 0 V −
δ (x0)

V −
δ (x0) = {x ∈ R/x0 − δ < x < x0}

x0 δ > 0 V +
δ (x0)

V +
δ (x0) = {x ∈ R/x0 < x < x0 + δ}



A ⊂ R x0 ∈ R x0

A x0

x ̸= x0 A

A =]1, 5[

A

x0 = 2 A

x0 = 2 δ A

x0 = 5 A

x0 = 5 δ A

x0 = 7 A

x0 = 7 δ A

δ → 0

f : A → R f(x)

∃M > 0 |f(x)| ≤ M ∀x ∈ A



Df

f : A → B A,B ⊂ R x0

A f(x) L ∈ R x x0

ĺım
x→x0

f(x) = L

∀ε > 0 ∃δ > 0/∀x ∈ A x ̸= x0 |x− x0|δ ⇒ |f(x)− L| < ε

δ − ϵ

∀ε > 0 ∃δ > 0/∀x ∈ A x ̸= x0 |x− x0| ⇒ |f(x)− L| < ε

ϵ δ

δ



|f(x)− L| |g(x)||x− x0|

|g(x)| M > 0 M ∈ 0 <

|x− x0| < δ1 δ1

δ1 < |x− a| δ1

|x− x0| < δ1 ⇒ |f(x)− L| ≤ |g(x)||x− x0| < M |x− x0| < ϵ

δ = min
{
δ1,

ϵ

M

}

δ

ĺım
x→−1

3x2 + x− 1 = 1

x0 f(x) L

ĺım
x→ −1︸︷︷︸

x0

3x2 + x− 1︸ ︷︷ ︸
f(x)

= 1︸︷︷︸
L



|f(x)− L| = |(3x2 + x− 1)− 1| < ε

= |3x2 + x− 2| < ε

= |3x− 2||x+ 1| < ε (∗)

|3x− 2|

|x+ 1| < 1
2

!! δ1

−1

2
< x+ 1 <

1

2

−3

2
< x < −1

2

−9

2
< 3x < −3

2

−13

2
< 3x− 2 < −7

2

7

2
< −3x+ 2 <

13

2

|− 1||3x− 2| < 13

2

∴ |3x− 2| < 13

2
(∗∗)

|3x− 2||x+ 1| < 13
2 |x+ 1| < ε

⇒ |x+ 1| < 2ε
13

!! δ2

δ = min{δ1, δ2} = min{1
2 ,

2ε
13}



ĺım
x→1

x2 + 5x+ 4 = 10

ĺım
x→ 1︸︷︷︸

x0

x2 + 5x+ 4︸ ︷︷ ︸
f(x)

= 10︸︷︷︸
L

|f(x)− L| = |x2 + 5x+ 4− 10| < ε

= |(x+ 6)(x− 1)| < ε

= |x+ 6||x− 1| < ε (∗)

|x+ 6|

|x− 1| < 1 !! δ1

−1 < x− 1 < 1

6 < x+ 6 < 8

∴ |x+ 6| < 8 (∗∗)

|x+ 6||x− 1| < 8|x− 1| < ε

⇒ |x− 1| < ε
8

!! δ2

δ = min{δ1, δ2} ⇒ δ = min{1, ε8}

δ = ε
8

δ ε

∴ ĺım
x→1

x2 + 5x+ 4 = 10



ĺım
x→1

x3 − 1

x− 1
= 3

ĺım
x→ 1︸︷︷︸

x0

x3 − 1

x− 1︸ ︷︷ ︸
f(x)

= 3︸︷︷︸
L

|f(x)− L| =
∣∣∣
x3 − 1

x− 1
− 3

∣∣∣ < ε

=
∣∣∣
x3 − 3x+ 2

x− 1

∣∣∣ < ε

= |x+ 2||x− 1| < ε (∗)

|x+ 2|

|x− 1| < 1 !! δ1

−1 < x− 1 < 1

2 < x+ 2 < 4

∴ |x+ 2| < 4 (∗∗)

|x+ 2||x− 1| < 4|x− 1| < ε

⇒ |x− 1| < ε
4

!! δ2

δ = min{δ1, δ2} = min{1, ε4}

δ = ε
4

δ ε

∴ ĺım
x→1

x3 − 1

x− 1
= 3



ĺım
x→3

1 + x

2− x
= −4

|f(x)− L| =
∣∣∣
1 + x

2− x
+ 4

∣∣∣ < ε

=
∣∣∣
−3x+ 9

2− x

∣∣∣ < ε

= 3
∣∣∣x− 3

∣∣∣
∣∣∣

1

x− 2

∣∣∣ < ε (∗)

∣∣∣
1

x− 2

∣∣∣ δ = 1
2

∣∣∣x0 − a
∣∣∣ a

1

x− 2
δ1 =

1
2

∣∣∣3− 2
∣∣∣ = 1

2

|x− 3| < 1

2
⇒ −1

2
< x− 2 < −1

2

⇒ 1 <
1

x− 2
< 2

⇒
∣∣∣

1

x− 2

∣∣∣ < 2 (∗∗)

3
∣∣∣x− 3

∣∣∣
∣∣∣

1

x− 2

∣∣∣ < ε ⇒ 3(2)|x− 3| < ε

⇒ |x− 3| < ε
6

!! δ2

∴ δ = min{δ1, δ2} ⇒ δ = min
{1

2
,
ε

6

}

ε δ



ĺım
x→4

√
x+ 12 = 4

∣∣f(x)− L
∣∣ =

∣∣√x+ 12− 4
∣∣ < ε

∣∣∣
(√

x+ 12− 4
)(√x+ 12 + 4√

x+ 12 + 4

)∣∣∣ =
|x− 4|∣∣√x+ 12 + 4

∣∣ < ε (∗)

|x− 4| < 1 !! δ1

−1 < x− 4 < 1

15 < x+ 12 < 17

√
15 <

√
x+ 12 <

√
17

√
15 + 4 <

√
x+ 12 + 4 <

√
17 + 4

1√
17 + 4

<
1√

x+ 12 + 4
<

1√
15 + 4

∣∣∣
1√

x+ 12 + 4

∣∣∣ <
1√

15 + 4
(∗∗)

|x− 4|
|
√
x+ 12 + 4|

<
1√

15 + 4
|x− 4| < ε δ2 =

ε√
15 + 4

δ = min{δ1, δ2} δ = min
{
1,

ε√
15 + 4

}
δ =

ε√
15 + 4

δ ε

∴ ĺım
x→4

√
x+ 12 = 4



ĺım
x→6

√
x− 2 = 2

∣∣f(x)− L
∣∣ =

∣∣√x− 2− 2
∣∣ < ε

∣∣√x− 2− 2
∣∣ < ε

−ε <
√
x− 2− 2 < ε

(
− ε+ 2

)2
<

(√
x− 2

)2
<

(
ε+ 2

)2

ε2 − 4ε+ 4 < x− 6 < ε2 + 4ε+ 4

ε2 − 4ε < x− 6 < ε2 + 4ε

|x− 6| < ε2 + 4ε

∴ δ = ε2 + 4ε

∴ ĺım
x→6

√
x− 2 = 2



ĺım
x→3

x3 = 27

ĺım
x→ 3︸︷︷︸

x0

x3︸︷︷︸
f(x)

= 27︸︷︷︸
L

∣∣∣f(x)− L
∣∣∣ =

∣∣∣x3 − 27
∣∣∣ < ε

=
∣∣∣(x− 3)(x2 + 3x+ 9)

∣∣∣ < ε

=
∣∣∣x− 3

∣∣∣
∣∣∣x2 + 3x+ 9

∣∣∣
∣∣∣ < ε (∗)

∣∣∣x− 3
∣∣∣

∣∣∣x2 + 3x+ 9
∣∣∣

|x− 3| < 1 !! δ1

−1 < x− 3 < 1

2 < x < 4 (∗∗)

4 < x2 < 16 (1)

6 < 3x < 12 (2)

10 < x2 + 3x < 28

19 < x2 + 3x+ 9 < 37

∴ |x2 + 3x+ 9| < 37 (∗ ∗ ∗)



|x− 3||x2 + 3x+ 9| < 37|x− 3| < ε
∣∣x− 3

∣∣ < ε

37
δ2 =

ε

37
δ = min

{
δ1, δ2

}
δ = min

{
1,

ε

37

}
δ =

ε

37
δ ε

∴ ĺım
x→3

x3 = 27

ĺım
x→−2

3x+ 1

x+ 5
=

−5

3

∣∣∣f(x)− L
∣∣∣ =

∣∣∣
3x+ 1

x+ 5
+

5

3

∣∣∣ < ε

=
∣∣∣
14(x+ 2)

3(x+ 5)

∣∣∣ < ε

=
14

3

∣∣∣
1

x+ 5

∣∣∣
∣∣∣x+ 2

∣∣∣ < ε (∗)

∣∣∣
1

x+ 5

∣∣∣ δ = 1
2

∣∣∣x0 − a
∣∣∣ a

∣∣∣
1

x+ 5

∣∣∣

δ1 =
3
2

|x+ 2| < 3

2

−3

2
< x+ 2 <

3

2
3

2
< x+ 5 <

9

2
2

9
<

1

x+ 5
<

2

3∣∣∣
1

x+ 5

∣∣∣ <
2

3
(∗∗)



14

3

∣∣∣
1

x+ 5

∣∣∣|x+ 2| <
(14
3

)(2
3

)
|x+ 2| < ε

⇒ |x+ 2| < 9ε

28

∴ |x+ 2| < 9ε
28

!! δ2

δ = min
{
δ1, δ2

}
δ = min

{3

2
,
9ε

28

}
δ =

9ε

28
δ ε

∴ ĺım
x→−2

3x+ 1

x+ 5
=

−5

3

ĺım
x→2

3x2 − x− 2 = 8

ĺım
x→1

3x2 + 2x = 5

ĺım
x→2

4x2 + x− 4 = 10

ĺım
x→x0

ax2 + bx+ c = ax20 + bx0 + c

ĺım
x→5

x3 + x2 − 2x = 140

ĺım
x→2

3x3 − 2x2 + 2x− 3 = −39

ĺım
x→1

x− 1

3x3 + 11x2 + x− 5
=

1

32



ĺım
x→3

1

x2 + 16
=

1

25

ĺım
x→1

|2− x|
3x− 1

=
1

2

ĺım
x→3

√
x+ 1 = 2

ĺım
x→2

√
3x2 − 11

3
=

1

3

ĺım
x→−1

√
−2x =

√
2

ĺım
x→−1

3
√
2x = 3

√
−2

ĺım
x→a

√
x−

√
a

x− a
=

1

2
√
a
, a > 0

ĺım
x→0,5

x2[|x+ 2|] = 0,5

ĺım
x→1

√
4− x2 =

√
3

ĺım
x→1

3− 2√
x
= 1

ĺım
x→−1

4x2 + 1

2x+ 1
= −5

ĺım
x→1/3

3

√
x2 +

8

9
= 1

ĺım
x→−3

√
−4x− 3

x+ 2
= −3



x ∈ R |x| " ε ε > 0 x = 0

x ̸= 0 |x| > 0 ∀x ∈ R

ε =
|x|
2

> 0 (∗)

|x| " ε (∗∗)

|x| " |x|
2

⇒ 1 " 1

2
x = 0

Si ĺım
x→x0

f(x) = L1 y ĺım
x→x0

f(x) = L2 entonces L1 = L2

|L1 − L2| < ε L1 − L2 = 0 ⇒ L1 = L2

ε > 0 ĺım
x→x0

f(x) = L1
ε

2
> 0 δ1 > 0

0 < |x− x0| < δ1 |f(x)−L1| <
ε

2
ĺım
x→x0

f(x) = L2
ε

2
> 0

δ2 > 0 0 < |x− x0| < δ2 |f(x)− L2| <
ε

2

|L1 − L2| = |(L1 − f(x)) + (f(x)− L2)| " |f(x)− L1|+ |f(x)− L2| <
ε

2
+

ε

2
= ε

|L1 − L2| < ε 0 < |x− x0| < δ = min
{
δ1, δ2

}

ε > 0 0 < |x− x0| < δ

|L1−L2| < ε L1−L2 = 0

L1 = L2



f(x) g(x) f(x) < g(x) ∀x ∈ D(f∩g)

ĺım
x→x0

f(x) = L y ĺım
x→x0

g(x) = M entonces L < M.

ĺım
x→x0

f(x) < ĺım
x→x0

g(x)

L > M L−M > 0

ĺım
x→x0

f(x) = L y ĺım
x→x0

g(x) = M ε =
L−M

2
δ1 > 0 δ2 > 0

⎧
⎪⎪⎨

⎪⎪⎩

0 < |x− x0| < δ1

0 < |x− x0| < δ2

⇒

⎧
⎪⎪⎨

⎪⎪⎩

|f(x)− L| < ε

|g(x)−M | < ε

⎧
⎪⎪⎨

⎪⎪⎩

−ε < f(x)− L < ε

−ε < g(x) +M < ε

⇒

⎧
⎪⎪⎨

⎪⎪⎩

L− ε < f(x) < L+ ε

M − ε < g(x) < M + ε . . . (1)

δ = min{δ1, δ2} 0 < |x − x0| < δ

f(x) ≤ δ

M −ε < g(x) < M +ε = L−ε < f(x) g(x) < f(x)

L > M L ≤ M

ĺım
x→ x0

f(x) = L δ > 0 x ∈]x0 − δ, x0 + δ[ x ̸= x0

|f(x)| < k k ∈ R+

ĺım
x→ x0

f(x) = L



ε = 1 ∃δ > 0 ∀x ∈ Df |x− x0| < δ ⇒ |f(x)− L| < ε = 1

|f(x)| = |f(x)− L+ L| ≤ |f(x)− L|+ |L|

k = |f(x)− L|+ |L| |f(x)| < k x ∈]x0 − δ, x0 + δ[

f g

ĺım
x→x0

f(x) = L y ĺım
x→x0

g(x) = M con k ∈ R.

ĺım
x→ x0

k = k

ĺım
x→ x0

kf(x) = k ĺım
x→ x0

f(x) = kL

ĺım
x→ x0

[
f(x)± g(x)

]
= ĺım

x→ x0
f(x)± ĺım

x→ x0
f(x) = L±M

ĺım
x→ x0

[
f(x) ∗ g(x)

]
= ĺım

x→ x0
f(x) ∗ ĺım

x→ x0
f(x) = L ∗M

ĺım
x→ x0

[f(x)
g(x)

]
=

ĺım
x→ x0

f(x)

ĺım
x→ x0

g(x)
=

L

M
g(x) ̸= 0 M ̸= 0

ĺım
x→ x0

(
f(x)

)n
=

(
ĺım

x→ x0
f(x)

)n
= Ln ∀n ∈ Z+

ĺım
x→ x0

n
√
f(x) = n

√
ĺım

x→ x0
f(x) =

n
√
L ∀n ∈ Z+ n

ĺım
x→ x0

∣∣f(x)
∣∣ =

∣∣ ĺım
x→ x0

f(x)
∣∣ = |L|

ĺım
x→a

f(x) = 0 ĺım
x→a

g(x) = 0
f(x)

g(x)

0

0
x → a

ĺım
x→a

f(x) = ±∞ ĺım
x→a

g(x) = ±∞ f(x)

g(x)

±∞
∞ x → a



ĺım
x→a

f(x) = 0 ĺım
x→a

g(x) = ±∞ f(x) · g(x)

0 · ±∞ x → a

ĺım
x→a

f(x) = 1 ĺım
x→a

g(x) = ∞ f(x)g(x)

1∞ x → a

ĺım
x→a

f(x) = 0 ĺım
x→a

g(x) = 0 f(x)g(x)

00 x → a

ĺım
x→a

f(x) = ∞ ĺım
x→a

g(x) = 0 f(x)g(x)

∞0 x → a

ĺım
x→a

f(x) = ∞ ĺım
x→a

g(x) = ∞ f(x)− g(x)

∞−∞ x → a

0

0
,

∞
∞ , ∞−∞ 0 ∗∞ 00 ∞0 1∞

ĺım
x→2

4x2 + 3x− 10

ĺım
x→2

4x2 + 3x− 10 = 4(2)2 + 3(2)− 10 = 12

ĺım
x→1

x+ 2

x− 3



ĺım
x→5

x+ 2

x− 2
=

5 + 2

5− 2
=

7

3

ĺım
x→5

x3 − 24x− 5

x4 − 5x3 − x2 + 7x− 10

x = 5
0

0

x3 − 24x− 5

1 0 − 24 − 5

5 5 25 5

1 5 1 0

x4 − 5x3 − x2 + 7x− 10

1 − 5 − 1 7 − 10

5 5 0 − 5 10

1 0 − 1 2 0

ĺım
x→5

x3 − 24x− 5

x4 − 5x3 − x2 + 7x− 10
= ĺım

x→5

✘✘✘✘(x− 5)(x2 + 5x+ 1)✘✘✘✘(x− 5)(x3 − x+ 2)
x− 5

= ĺım
x→5

x2 + 5x+ 1

x3 − x+ 2

=
51

122



ĺım
x→16

√
x− 4

4
√
x− 2

√
x = (x)

1
2

4
√
x = (x)

1
4

⎫
⎬

⎭ ⇒
︷ ︸︸ ︷
x = z4

√
x = z2

4
√
x = z

⎫
⎬

⎭ x → 0 z → 0

ĺım
x→16

√
x− 4

4
√
x− 2

= ĺım
z→0

z2 − 4

z − 2

= ĺım
z→0

(z − 2)(z + 2)

z − 2

= ĺım
z→0

z + 2

= 4

ĺım
x→1

3
√
x+

√
x− 2

x− 1



√
x = (x)

1
2

3
√
x = (x)

1
3

⎫
⎬

⎭ ⇒
︷ ︸︸ ︷
x = z6

√
x = z3

3
√
x = z2

⎫
⎬

⎭ x → 1 z → 1

ĺım
x→1

3
√
x+

√
x− 2

x− 1
= ĺım

z→1

z2 + z3 − 2

z6 − 1

= ĺım
z→1

(z − 1)(z2 + 2z + 2)

(z − 1)(z5 + z4 + z3 + z2 + z + 1)
z − 1

= ĺım
z→1

z2 + 2z + 2

z5 + z4 + z3 + z2 + z + 1

=
5

6

z3 + z2 − 2

1 1 0 − 2

1 1 2 2

1 2 2 0

z6 − 1

1 0 0 0 0 0 − 1

1 1 1 1 1 1 1

1 1 1 1 1 1 0

ĺım
x→0

4
√
1 + x− 1

3
√
1 + x− 1



4
√
1 + x = (1 + x)

1
4

3
√
1 + x = (1 + x)

1
3

⎫
⎬

⎭ ⇒
︷ ︸︸ ︷
x+ 1 = z12

4
√
1 + x = z3

3
√
1 + x = z4

⎫
⎬

⎭ x → 0 z → 1

ĺım
x→0

4
√
1 + x− 1

3
√
1 + x− 1

= ĺım
z→1

z3 − 1

z4 − 1

= ĺım
z→1

✘✘✘✘(z − 1)(z2 + z + 1)✘✘✘✘(z − 1)(z + 1)(z2 + 1)

= ĺım
z→1

z2 + z + 1

(z + 1)(z2 + 1)

=
3

4

ĺım
x→0

3
√
(1 + x)2 − 2 3

√
(1 + x) + 1

x2

3
√
1 + x = z ⇒ 1 + x = z3 x = z3 − 1

x → 0 z → 1

ĺım
x→0

3
√

(1 + x)2 − 2 3
√
(1 + x) + 1

x2
= ĺım

z→1

z2 − 2z + 1

(z3 − 1)2

= ĺım
z→1

✘✘✘✘(z − 1)2✘✘✘✘(z − 1)2(z2 + z + 1)2

= ĺım
z→1

1

(z2 + z + 1)2

=
1

9



ĺım
x→2

3
√
15 + 6x− 3

√
25 + x

x4 + 2x− 20

a3 − b3 = (a− b)(b2 + ab+ b2)

⇒ ĺım
x→2

[
3
√
15 + 6x− 3

√
25 + x

x4 + 2x− 20

][
3
√
(15 + 6x)2 + 3

√
15 + 6x. 3

√
25 + x+ 3

√
(25 + x)2

3
√
(15 + 6x)2 + 3

√
15 + 6x. 3

√
25 + x+ 3

√
(25 + x)2

]

x4 + 2x− 20

1 0 0 2 − 20

2 2 4 8 20

1 2 4 10 0

x4 + 2x− 20 = (x− 2)(x3 + 2x2 + 4x+ 10)

= ĺım
x→2

15 + 6x− 25− x

(x− 2)(x3 + 2x2 + 4x+ 10)
[

3
√
(15 + 6x)2 + 3

√
15 + 6x. 3

√
25 + x+ 3

√
(25 + x)2

]

= ĺım
x→2

5✘✘✘✘(x− 2)

✘✘✘✘(x− 2)(x3 + 2x2 + 4x+ 10)
[

3
√
(15 + 6x)2 + 3

√
15 + 6x. 3

√
25 + x+ 3

√
(25 + x)2

]

=
5

(8 + 8 + 8 + 10)(9 + 3 ∗ 3 + 9)

=
5

(34)(27)

=
5

918

ĺım
x→1

x3 − 2x+ 1

x2 − 1

ĺım
x→1

x3 − 2x+ 1

x2 − 1
=

1− 2(1) + 1

1− 1
=

0

0



ĺım
x→1

x3 − 2x+ 1

x2 − 1
= ĺım

x→1

✘✘✘✘(x− 1)(x2 + x− 1)✘✘✘✘(x− 1)(x+ 1)
x ̸= 1

= ĺım
x→1

x2 + x− 1

x+ 1

=
1

2

ĺım
x→4

6−
√
x+ 32√

x− 2

ĺım
x→4

6−
√
x+ 32√

x− 2
=

6−
√
4 + 32√

4− 2
=

0

0

ĺım
x→4

6−
√
x+ 32√

x− 2
= ĺım

x→4

(
6−

√
x+ 32√

x− 2

)(√
x+ 2√
x+ 2

)(
6 +

√
x+ 32

6 +
√
x+ 32

)

= − ĺım
x→4

(

"""x− 4

x− 4

)( √
x+ 2

6 +
√
x+ 32

)
x ̸= 4

= − 4

12
= −1

3



ĺım
x→1

√
5− x− 2√
2− x− 1

ĺım
x→1

√
5− x− 2√
2− x− 1

= ĺım
x→1

(√
5− x− 2√
2− x− 1

)(√
5− x+ 2√
5− x+ 2

)(√
2− x+ 1√
2− x+ 1

)

= ĺım
x→1

(
5− x− 4

2− x− 1

)(√
2− x+ 1√
5− x+ 2

)

= ĺım
x→1

(

"""1− x

1− x

)(√
2− x+ 1√
5− x+ 2

)
x ̸= 1

=

√
2− 1 + 1√
5− 1 + 2

=
2

4

=
1

2

ĺım
x→1

(
1

1− x
− 3

1− x3

)

ĺım
x→1

(
1

1− x
− 3

1− x3
) = ĺım

x→1

(
1

1− x
− 3

(1− x)(1 + x+ x2)

)

= ĺım
x→1

x2 + x+ 1− 3

(1− x)(x2 + x+ 1)

= ĺım
x→1

x2 + x− 2

(1− x)(x2 + x+ 1)

= ĺım
x→1

(x+ 2)(x− 1)

−(x− 1)(x2 + x+ 1)

= ĺım
x→1

1 + 2

−(12 + 1 + 1)

=
−3

3
= −1



ĺım
x→1

3
√
x− 1

x2 − x

ĺım
x→1

3
√
x− 1

x2 − x
= ĺım

x→1

(
3
√
x− 1

x2 − x

)(
3
√
x2 + 3

√
x+ 1

3
√
x2 + 3

√
x+ 1

)

= ĺım
x→1

x− 1

x(x− 1)
(

3
√
x2 + 3

√
x+ 1

)

= ĺım
x→1

1

x
(

3
√
x2 + 3

√
x+ 1

)

= ĺım
x→1

1

1
(

3
√
12 + 3

√
1 + 1

)

=
1

1 + 1 + 1
=

1

3

ĺım
x→8

√
2 + 3

√
x− 2

x− 8

ĺım
x→8

√
2 + 3

√
x− 2

x− 8
= ĺım

x→8

(√
2 + 3

√
x− 2

x− 8

)(√
2 + 3

√
x+ 2√

2 + 3
√
x+ 2

)

= ĺım
x→8

(
3
√
x− 2

(x− 8)(
√

2 + 3
√
x+ 2)

)(
3
√
x2 + 2 3

√
x+ 22

3
√
x2 + 2 3

√
x+ 22

)

= ĺım
x→8

✘✘✘✘(x− 8)

✘✘✘✘(x− 8)(
√
2 + 3

√
x+ 2)(

3
√
x2 + 2 3

√
x+ 4)

=
1

(
√

2 + 3
√
8 + 2)(

3
√
82 + 2 3

√
8 + 4)

=
1

(2 + 2)(4 + 4 + 4)

=
1

48

ĺım
x→2

√
x−

√
2 +

√
x− 2√

x2 − 4



ĺım
x→2

√
x−

√
2 +

√
x− 2√

x2 − 4
= ĺım

x→2

√
x−

√
2√

x2 + 4
+ ĺım

x→2

√
x− 2√
x2 − 4

= ĺım
x→2

√
x−

√
2√

x2 + 4
∗
√
x+

√
2

√
x+

√
2
+ ĺım

x→2

√
x− 2

(x+ 2)(x− 2)

= ĺım
x→2

x− 2

(
√
x− 2 ∗

√
x+ 2)(

√
x+

√
2)

+ ĺım
x→2

√
1

(x+ 2)

= ĺım
x→2

√
x− 2

√
x+ 2(

√
x+

√
2)

+

√
1

(2 + 2)

=

√
2− 2

√
2 + 2(

√
2 +

√
2)

+
1

2

= 0 +
1

2

=
1

2

ĺım
x→1

5
√
2− x− 1

x2 − 1

ĺım
x→1

5
√
2− x− 1

x2 − 1
=

5
√
2− 1− 1

1− 1
=

0

0

u = 5
√
2− x ⇒ u5 = 2− x

x → 1 u → 1

ĺım
x→1

5
√
2− x− 1

x2 − 1
= ĺım

u→1

u− 1

(2− u5)2 − 1

= ĺım
u→1

u− 1

(2− u5 − 1)(2− u5 + 1)

= ĺım
u→1

u− 1

(1− u5)(3− u5)

= ĺım
u→1

✘✘✘✘(1− u)

(3− u5)✘✘✘✘(1− u)(1 + u+ u2 + u3 + u4)

=
−1

(2)(5)

=
−1

10



ĺım
x→8

4 3
√
x− 8

x− 8

ĺım
x→8

4 3
√
x− 8

x− 8
=

4 3
√
8− 8

8− 8
=

0

0

u = 3
√
x ⇒ u3 = x

x → 8 u → 2

ĺım
x→8

4 3
√
x− 8

x− 8
= ĺım

u→2

4u− 8

u3 − 8

= ĺım
u→2

4(u− 2)

(u− 2)(u2 + 2u+ 4)

= ĺım
u→2

4

u2 + 2u+ 4

=
4

4 + 4 + 4

=
4

12

=
1

3

ĺım
x→2

√
x− 1− x+

√
x2 − 3√

3x+ 10− 4

ĺım
x→2

√
x− 1− x+

√
x2 − 3√

3x+ 10− 4
=

√
2− 1− 2 +

√
22 − 3√

3(2) + 10− 4
=

0

0



ĺım
x→2

√
x− 1− x+

√
x2 − 3√

3x+ 10− 4
= ĺım

x→2

√
x− 1−1− x+ 2 +

√
x2 − 3−−1√

3x+ 10− 4

= ĺım
x→2

√
x− 1− 1√

3x+ 10− 4
− ĺım

x→2

x− 2√
3x+ 10− 4

+ ĺım
x→2

√
x2 − 3− 1√
3x+ 10− 4

=

=
4

3
− 8

3
+

16

3

= 4

ĺım
x→2

x4 + x3 − 24

x2 − 4

11

ĺım
x→1

x3 + x2 − 5x+ 3

x3 + 2x2 − 7x+ 4

4

5

ĺım
x→1

5x2 + 3x5 − 8

7x4 − 4x− 3

17

24

ĺım
x→3

x3 + 6x2 + 9x

x3 + 5x2 + 3x− 9



3

2

ĺım
x→3

2x3 − 5x2 − 2x− 3

4x3 − 13x2 + 4x− 3

11

17

ĺım
x→1

1− x2

(1 + ax)2 − (a− x)2
, a > 0 y a ̸= 1

1

1− a2

ĺım
x→1

2x2n + 1− 3x−2n

3x2n − 5 + 2x−2n

5

ĺım
x→1

x100 − 2x+ 1

x50 − 2x+ 1

49

24

ĺım
x→2

(x2 − x− 2)20

(x3 − 12x+ 16)10

(
3

2
)10

ĺım
x→1

(
1

1− x
− 3

1− x3
)

−1

m ĺım
x→m

x2 −mx+ 3x− 3m

x−m
= m2 − 27

m = 5, m = −4

a a > 0 ĺım
x→1

x3 − 2a2x+ ax2

2ax+ x2
= 2a− 5

a = 2

ĺım
x→1

x2−1

ax2 + 2x+ b
= L ̸= 0 a+ b



−2

f(x) = x− 2 g(x+ 1) = x2 − x ĺım
x→1

(fog)(x+ 1)

(gof)(x+ 2)

3

ĺım
x→0

√
1 + x2 − 1

x2

1

2

ĺım
x→0

√
1 + x−

√
1− x

x

1

ĺım
x→5

√
x− 4−

√
3x− 14

x− 5

−1

ĺım
x→3

√
x2 − 2x+ 6−

√
x2 + 2x− 6

x2 − 4x+ 3

−1

3

ĺım
x→2

3x− 6

1−
√
4x− 7

−3

2

ĺım
x→3

x+ 3√
x2 + 7− 4

−4

3

f(x) x0

f(x) x x0



f(x) L ∈ R x x0

L f(x) x → x0

ĺım
x→x0

f(x) = L.

f(x) L x x0 L

f(x) x → x−0

ĺım
x→x−

0

f(x) = L.

f(x) L x x0 L

f(x) x → x+0

ĺım
x→x+

0

f(x) = L.

ĺım
x→x−

0

f(x) = L

ĺım
x→x+

0

f(x) = L

⎫
⎪⎪⎬

⎪⎪⎭
=⇒ ĺım

x→x0
f(x) = L.

f(x) = x2 x → 2

x f(x) = x2

1,9 3,61

1,99 3,9601

1,999 3,996001

1,9999 3,99960001

x f(x) = x2

2,1 4,41

2,01 4,0401

2,001 4,004001

2,0001 4,00040001

⇓ ⇓

ĺım
x→2−

x2 = 4 ĺım
x→2+

x2 = 4︸ ︷︷ ︸
⇓

ĺım
x→2

x2 = 4

x



f(x) = 0,2x3 + x+ 1 x → 1

x

x = 1

f(x) =
|x|
x

x → 0

x f(x)

−0,1 −1

−0,01 −1

−0,001 −1

x f(x)

0,1 1

0,01 1

0,001 1

⇓ ⇓

ĺım
x→0−

|x|
x

= −1 ̸= ĺım
x→0+

|x|
x

= 1
︸ ︷︷ ︸

⇓

ĺım
x→0

|x|
x

x = 0



0

−1 0

1

f(x) = sen
(1
x

)
x → 0

x f(x)

−0,1 −0,1736

−0,01 −0,9848

−0,005 0,3420

−0,001 0,9848

−0,0005 0,3420

−0,0001 0,9848

x f(x)

0,1 0,1736

0,01 0,9848

0,005 −0,3420

0,001 −0,9848

0,0005 −0,3420

0,0001 −0,9848

⇓ ⇓

ĺım
x→0−

sen
( 1
x

)
ĺım

x→0+
sen

( 1
x

)
f(x)



f(x) =
1√

x2 − 1
x → 0

x f(x)

−0,1

−0,01

−0,001

x f(x)

0,1

0,01

0,001

⇓ ⇓

ĺım
x→0−

1√
x2 − 1

ĺım
x→0+

1√
x2 − 1︸ ︷︷ ︸

⇓

ĺım
x→0

1√
x2 − 1

x x0

x x0

f : A → B A = Df ]x, x0[⊂ A f(x) L1 x0

ĺım
x→ x−

0

f(x) = L1

∀ε > 0, ∃δ > 0 x0 − δ < x < x0 =⇒ |f(x)− L1| < ε

f : A → B A = Df ]x0, x[⊂ A f(x) L2 x0

ĺım
x→ x+

0

f(x) = L2

∀ε > 0, ∃δ > 0 x0 < x < x0 + δ =⇒ |f(x)− L2| < ε

ĺım
x→x−

0

f(x) = L1

ĺım
x→x+

0

f(x) = L2

⎫⎪⎪⎬⎪⎪⎭ =⇒ L1 = L2 ∴ ĺım
x→x0

f(x) = L1.



ĺım
x→x0

f(x)

∃ ĺım
x→x0

f(x) = L ⇐⇒ ĺım
x→x+

0

f(x) = ĺım
x→x−

0

f(x) = L

ĺım
x→x0

f(x)

ĺım
x→2

f(x) f(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
x2 x ≤ 2

8− 2x x > 2

∃ ĺım
x→2

f(x) = L ⇐⇒ ĺım
x→2+

f(x) = ĺım
x→2−

f(x) = L

ĺım
x→2−

x2 = (2)2 = 4 · · · (1)

ĺım
x→2+

8− 2x = 8− 2(2) = 4 · · · (2)

ĺım
x→2−

f(x) = ĺım
x→2+

f(x) = 4 =⇒ ∃ ĺım
x→2

f(x) = 4

x



ĺım
x→1

f(x) ĺım
x→4

f(x) f(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x2 x < 1

x 1 < x < 4

4− x x ≥ 4

x

∃ ĺım
x→1

f(x) = L ⇐⇒ ĺım
x→1+

f(x) = ĺım
x→1−

f(x) = L

ĺım
x→1−

x2 = (1)2 = 1 · · · (1)

ĺım
x→1+

x = 1 · · · (2)

ĺım
x→1−

f(x) = ĺım
x→1+

f(x) = 1 =⇒ ∃ ĺım
x→1

f(x) = 1

x

∃ ĺım
x→4

f(x) = L ⇐⇒ ĺım
x→4+

f(x) = ĺım
x→4−

f(x) = L

ĺım
x→4−

x = 4 · · · (1)

ĺım
x→4+

4− x = 4− 4 = 0 · · · (2)

ĺım
x→4−

f(x) ̸= ĺım
x→4+

=⇏ ∃ ĺım
x→4

f(x)

x x x = 1

x = 4



f(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
x2 + 3 x " 1

x+ 1 x > 1

ĺım
x→1

f(x)

x

ĺım
x→1−

x2 + 3 = 4

x

ĺım
x→1+

x+ 1 = 2

∴ ! ĺım
x→1

f(x)

f(x) =
|x− 2|
x− 2

ĺım
x→2

f(x)

|x− 2| =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
x− 2 x− 2 ≥ 0 ⇒ x ≥ 2

2− x x− 2 < 0 ⇒ x < 2



f(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
x− 2
x− 2

= 1 x ≥ 2

2− x
x− 2

= −1 x < 2

ĺım
x→2

f(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ĺım

x→2+
1 = 1 x ≥ 2

ĺım
x→2−

(−1) = −1 x < 2

ĺım
x→2−

f(x) ̸= ĺım
x→2+

f(x)



∴ ! ĺım
x→2

f(x)

f(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A(x2 − 4)
x− 2

x < 2

Ax+B 2 ≤ x ≤ 3

x2 − 9
x− 3

3 < x

A B ĺım
x→2

f(x) ∧ ĺım
x→3

f(x)

f(x) x = 2

ĺım
x→2−

A(x2 − 4)
x− 2

= ĺım
x→2−

A✘✘✘✘(x− 2)(x+ 2)✘✘✘x− 2
= 4A

ĺım
x→2+

Ax+B = 2A+B

ĺım
x→2−

f(x) = ĺım
x→2+

f(x)

4A = 2A+B ⇒ −2A+B = 0 (1)

f(x) x = 3

ĺım
x→3−

Ax+B = 3A+B

ĺım
x→3+

✘✘✘✘(x− 3)(x+ 3)✘✘✘x− 3
= 6

ĺım
x→3−

f(x) = ĺım
x→3+

f(x)

3A+B = 6 (2)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−2A+B = 0

3A+B = 6

A =
6
5

∧ B =
12
5





ĺım
x→ 2

f(x) f(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
6− x2 x < 2

2x2 − x− 3 x > 2

6 x = 2

f(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
x3 + 3x2 − 9x− 27 x < −3

ax2 − 2bx+ 1 − 3 ≤ x ≤ 3

x2 − 22x+ 57
x− 3

x > 3



a b x = −3 x = 3

ĺım
x→ 2+

(x2 + 2x)
[
|1− x|

]

ĺım
x→ −3

[
|x− 1|

]
− x√

x2 −
[
|x|

]

x



y =
x− 1
x+ 2

x

f(x)

ĺım
x→ −∞

f(x) = ĺım
x→ −∞

x− 1
x+ 2

= 1

ĺım
x→ +∞

f(x) = ĺım
x→ +∞

x− 1
x+ 2

= 1

f(x) x = −2

ĺım
x→−2−

f(x) = +∞

ĺım
x→−2+

f(x) = −∞

⎫⎪⎬⎪⎭ =⇒ ĺım
x→−2−

f(x) ̸= ĺım
x→−2+

f(x) ∴ ̸ ∃ ĺım
x→−2

f(x).

a, b ∈ R a < b



f :]a,+∞[−→ R f(x) x L

L ∈ R

ĺım
x→ +∞

f(x) = L

∀ε > 0 ∃N > 0/si x > N ⇒ |f(x)− L| < ε

f :] −∞, b[−→ R f(x) x L

L ∈ R

ĺım
x→ −∞

f(x) = L

∀ε > 0 ∃M > 0/si x < M ⇒ |f(x)− L| < ε

f : Df −→ R f(x) x → ∞ L L ∈ R

ĺım
x→ ∞

f(x) = L

∀ε > 0 ∃M > 0/si |x| > M ⇒ |f(x)− L| < ε

n ∈ R+

ĺım
x→ +∞

1
xn

= 0

ĺım
x→ −∞

1
xn

= 0



f(x) g(x) h(x)

f(x) ≤ g(x) ≤ h(x) ∀x ̸= x0

ĺım
x→ x0

f(x) = ĺım
x→ x0

h(x) = L ĺım
x→ x0

g(x) = L

(ε− δ)

∀ε > 0 ∃δ > 0 0 < |x− x0| < δ ⇒ |g(x)− L| < ε (1)

ĺım
x→ x0

f(x) ∧ ĺım
x→ x0

h(x) = L

∀ε > 0 ∃δ1 > 0

0 < |x− x0| < δ1 ⇒ |f(x)− L| < ε

↔ 0 < |x− x0| < δ1 ⇒ −ε < f(x)− L < ε

↔ 0 < |x− x0| < δ1 ⇒ −ε+ L < f(x) < ε+ L (2)

∀ε > 0 ∃δ2 > 0

0 < |x− x0| < δ2 ⇒ |h(x)− L| < ε

↔ 0 < |x− x0| < δ2 ⇒ −ε < h(x)− L < ε

↔ 0 < |x− x0| < δ2 ⇒ −ε+ L < h(x) < ε+ L (3)

δ = min{δ1, δ2} ⇒ δ < δ1 y δ < δ2

0 < |x− x0| < δ ⇒ L− ε < f(x) (4)

0 < |x− x0| < δ ⇒ h(x) < L+ ε (5)

f(x) < g(x) < h(x) (6)

0 < |x− x0| < δ ⇒ L− ε < f(x) ≤ g(x) ≤ h(x) < L+ ε

∴ 0 < |x− x0| < δ ⇒ L− ε < g(x) < L+ ε

↔ 0 < |x− x0| < δ ⇒ |g(x)− L| < ε



∴ ĺım
x→ x0

g(x) = L

f(x) =
P (x)
Q(x)

P (x) Q(x)

f(x) P (x) Q(x)

ĺım
x→ ±∞

f(x) = 0

f(x) P (x) Q(x)

ĺım
x→ ±∞

f(x) = ±∞

f(x) P (x) Q(x) ĺım
x→ ±∞

f(x) = L

L ∈ R

ĺım
x→±∞

amxm + · · ·+ a0

bnxn + · · ·+ b0
= ĺım

x→±∞

amxm

bnxn
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

±∞ amxm−n

bn
m > n

am

bn
m = n

0 m < n

ĺım
x→+∞

x2 + 3x− 6

ĺım
x→+∞

x2 + 3x− 6 = (∞)2 + 3(∞)− 6 = ∞



ĺım
x→+∞

x2 + 5x+ 6
3x2 − x− 5

ĺım
x→+∞

x2 + 5x+ 6
3x2 − x− 5

= ĺım
x→+∞

x2

3x2

=
1
3

ĺım
x→+∞

x2 + 5x+ 6
3x2 − x− 5

= ĺım
x→+∞

x2

x2 + 5x
x2 + 6

x2

3x2

x2 − x
x2 − 5

x2

= ĺım
x→+∞

1 + 5
x + 6

x2

3− 1
x − 5

x2

=
1
3



ĺım
x→+∞

2x3 − 6x2 + 7
−x2 + 3x− 5

ĺım
x→+∞

2x3 − 6x2 + 7
−x2 + 3x− 5

= ĺım
x→+∞

2x3

−x2

= − ĺım
x→+∞

2x

= −∞



ĺım
x→+∞

−x4 + 8x3 − 6x2 + 7
x5 + 9x4 − x2 + 3x− 5

ĺım
x→+∞

−x4 + 8x3 − 6x2 + 7
x5 + 9x4 − x2 + 3x− 5

= ĺım
x→+∞

−x4

x5

= − ĺım
x→+∞

−1
x

= 0



ĺım
x→+∞

√
x+

√
x+

√
x

√
x+ 1

ĺım
x→+∞

√
x+

√
x+

√
x

√
x+ 1

= ĺım
x→+∞

√
x+

√
x+

√
x

√
x

√
x+1√
x

= ĺım
x→+∞

√
x
x +

√
x
x2 +

√
x
x4√

x
x + 1

x

= ĺım
x→+∞

√
1 +

√
1
x +

√
1
x3√

1 + 1
x

=
1
1
= 1



ĺım
x→+∞

√
x2 + x−

√
x2 + 9

ĺım
x→+∞

√
x2 + x−

√
x2 + 9 = ĺım

x→+∞

(√
x2 + x−

√
x2 + 9

)(√
x2 + x+

√
x+ 9√

x2 + x+
√
x+ 9

)

= ĺım
x→+∞

x2 + x− (x2 + 9)√
x2 + x+

√
x+ 9

= ĺım
x→+∞

x− 9√
x2 + x+

√
x+ 9

= ĺım
x→+∞

x
x − 9

x√
x2

x2 + x
x2 +

√
x2

x2 + 9
x2

= ĺım
x→+∞

1− 9
x√

1 + 1
x +

√
1 + 9

x2

=
1

1 + 1
=

1
2

ĺım
x→+∞

x3/2(
√

x3 + 1−
√

x3 − 1)



ĺım
x→+∞

x3/2(
√

x3 + 1−
√

x3 − 1) = ĺım
x→+∞

x3/2

(√
x3 + 1−

√
x3 − 1)

)(√
x3 + 1 +

√
x3 − 1√

x3 + 1 +
√
x3 − 1

)

= ĺım
x→+∞

√
x3(x3 + 1− (x3 − 1))√
x3 + 1 +

√
x3 − 1

= ĺım
x→+∞

2
√
x3

√
x3 + 1 +

√
x3 − 1

= ĺım
x→+∞

2
√

x3

x3√
x3

x3 + 1
x3 +

√
x3

x3 + 1
x3

=
2

1 + 1

= 1

x −∞

x −∞

ĺım
x→−∞

f(x) = ĺım
x→−∞

f(x)

ĺım
x→−∞

−3x+ 2√
x2 − 2x+ 4− x

ĺım
x→−∞

−3x+ 2√
x2 − 2x+ 4− x

= ĺım
x→+∞

−3(−x) + 2√
(−x)2 − 2(−x) + 4− (−x)

(1,2)

= ĺım
x→+∞

3x+ 2√
x2 + 2x+ 4 + x

= ĺım
x→+∞

3x
x + 2

x√
x2

x2 + 2x
x2 + 2

x2 + x
x

= ĺım
x→+∞

3 + 2
x√

1 + 2
x + 2

x2 + 1

=
3

1 + 1

=
3
2



ĺım
x→−∞

√
5x2 − 7
3x+ 4

ĺım
x→−∞

√
5x2 − 7
3x+ 4

= ĺım
x→+∞

√
5(−x)2 − 7

3(−x) + 4
(1,2)

= ĺım
x→+∞

√
5x2 − 7

−3x+ 4

= ĺım
x→+∞

√
5x2

x2 − 7
x2

−3x
x + 4

x

== ĺım
x→+∞

√
5− 7

x2

−3 + 4
x

=

√
5

−3



ĺım
x→−∞

√
9x2 − x+ 1 + 3x

ĺım
x→−∞

√
9x2 − x+ 1 + 3x = ĺım

x→+∞

√
9(−x)2 − (−x) + 1 + 3(−x)

= ĺım
x→+∞

√
9x2 + x+ 1− 3x

= ĺım
x→+∞

(√
9x2 + x+ 1− 3x

)(√
9x2 + x+ 1 + 3x√
9x2 + x+ 1 + 3x

)

= ĺım
x→+∞

x+ 1√
9x2 + x+ 1 + 3x



= ĺım
x→+∞

x
x + 1

x√
9x2

x2 + x
x2 + 1

x2 + 3x
x

= ĺım
x→+∞

1 + 1
x√

9 + 1
x + 1

x2 + 3

=
1

3 + 3

=
1
6

ĺım
x→∞

x3 + 2x2 + 3x+ 4

4x3+3x2+2x+1

1
4

ĺım
x→∞

4x3 + 2x2 − 5
−8x3 + x+ 2

−1
2

ĺım
x→∞

2x2 + 7x+ 5
x3 + 2x+ 1

0

ĺım
x→∞

(
x3

x2 + 2
− x2

x+ 2
)

2

ĺım
x→∞

[
3x2

2x+ 1
− (2x− 1)(3x2 + x+ 2)

4x2
]

1
2

ĺım
x→∞

√
2x2 + 1
x+ 3

−
√
2

ĺım
x→∞

(
√

x2 + 2x− x)

1

ĺım
x→∞

(
√

x2 − 2x− 1−
√

x2 − 7x+ 3)

±5
2

ĺım
x→∞

(
√

x(x+ a)− x)

a
2



ĺım
x→∞

(
√

(x+ a)(x+ b)− x)

a+ b
2

ĺım
x→∞

(x+ 3
√

x2 − x3 + 1)

1
2

ĺım
x→∞

x
√
−x√

1− 4x2

−1
2

ĺım
x→∞

(x+ 3
√

1− x3)

0

ĺım
x→∞

x

x−
√
x2 + 1

−∞

ĺım
x→∞

3
√
8x3 + x2 − 3

√
x3 + x2

x

1

ĺım
x→∞

(
√

x6 − 4x3 − 4
√

x12 + 2x9)

−5
2

ĺım
x→∞

(
3

√
x5 − x3

x2 + 3
− x)

0

ĺım
x→∞

(x2 − 3
√

x6 − 2x4)

2
3

ĺım
x→∞

4
√
x4 + 1 + x
x+ 1

2

k b ĺım
x→∞

(kx+ b− x3 + 1
x2 + 1

) = 0

k = 1 b = 0

x x0

f(x)



f(x) =
1

(x− 2)2
+ 2

x

f(x)

ĺım
x→ 0−

f(x) = ĺım
x→ 2−

1
(x− 2)2

+ 2 = +∞

ĺım
x→ 0+

f(x) = ĺım
x→ 2+

1
(x− 2)2

+ 2 = +∞

x → 2

f(x)

ĺım
x→ 2

f(x) = +∞



f(x) = − 1
x2

x

f(x)

ĺım
x→ 0−

f(x) = ĺım
x→ 0−

− 1
x2

= −∞

ĺım
x→ 0+

f(x) = ĺım
x→ 0+

− 1
x2

= −∞

x → 0 f(x)

ĺım
x→ 0

f(x) = −∞



f : Df −→ R x0 ̸∈ Df f(x) x x0

+∞

ĺım
x→ x0

f(x) = +∞

∀N > 0 ∃δ > 0/∀x ∈ R si 0 < |x− x0| < δ ⇒ f(x) > N

f : Df −→ R x0 ̸∈ Df f(x) x x0

−∞

ĺım
x→ x0

f(x) = −∞

∀N < 0 ∃δ > 0/∀x ∈ R si 0 < |x− x0| < δ ⇒ f(x) < N

n ∈ R+

ĺım
x→ 0+

1
xn

= +∞

ĺım
x→ 0−

1
xn

=

⎧⎨⎩ −∞

+∞



f(x) =
x

x− 2

x = 2

ĺım
x→ 2−

f(x) = −∞ ∧ ĺım
x→ 2+

f(x) = +∞ ĺım
x→ 2−

f(x)

ĺım
x→2+

x+ 2
x2 − 4

ĺım
x→2+

x+ 2
x2 − 4

= ĺım
x→2+

✘✘✘x+ 2
(x− 2)(✘✘✘x+ 2)

= ĺım
x→2+

1
x− 2

= +∞



ĺım
x→4−

√
16− x2

x− 4

ĺım
x→4−

√
16− x2

x− 4
= − ĺım

x→4−

(
√
4− x)(

√
4 + x)

4− x

= − ĺım
x→4−

√
4 + x√
4− x

= −
√
8√
0

= −∞

ĺım
x→4−

[|x|]− 4
x− 4



x → 4− xϵ[3, 4[ [|x|] = 3

ĺım
x→4−

[|x|]− 4
x− 4

= ĺım
x→4−

3− 4
x− 4

= ĺım
x→4−

1
4− x

=
1
0

= +∞

0
0



✞✝ ☎✆sen2(x) + cos2(x) = 1

tan2(x) + 1 = sec2(x)

ctan2(x) + 1 = csc2(x)

sen(x± y) = sen(x)cos(y)± cos(x)sen(y)

cos(x± y) = cos(x)cos(y)∓ sen(x)sen(y)

tan(x± y) =
tan(x)± tan(y)
1∓ tan(x)tan(y)

sen(2x) = 2sen(x)cos(x)

cos(2x) = cos2(x)− sen2(x)

tan(2x) =
2tan(x)

1− tan2(x)

sen
(
2
x

)
= ±

√
1− cos(x)

2

cos
(
2
x

)
= ±

√
1 + cos(x)

2

tan
(
2
x

)
= ±

√
1− cos(x)
1− cos(x)

=
1− cos(x)
sen(x)

=
sen(x)

1 + cos(x)

sen(x) + sen(y) = 2 sen
(
x+y
2

)
cos

(
x−y
2

)
sen(x)− sen(y) = 2 sen

(
x−y
2

)
cos

(
x+y
2

)
cos(x) + cos(y) = 2 cos

(
x+y
2

)
cos

(
x−y
2

)
cos(x)− cos(y) = −2 sen

(
x+y
2

)
sen

(
x−y
2

)



sen(x) ∗ sen(y) = 1
2

[
cos(x− y)− cos(x+ y)

]
cos(x) ∗ cos(y) = 1

2

[
cos(x− y) + cos(x+ y)

]
sen(x) ∗ cos(y) = 1

2

[
sen(x− y)− sen(x+ y)

]

sen
(
π
2 − x

)
= cos(x)

cos
(
π
2 − x

)
= sen(x)

sen(π ± x) = ∓ sen(x)

cos(π ± x) = −sen(x)

sen
(
− x

)
= −sen(x)

cos
(
− x

)
= cos(x)

tan
(
− x

)
= −tan(x)

☛
✡

✟
✠ĺım

x→ 0

sin(x)
x

= 1



1− x2

2
< cosx <

sinx
x

< 1

x 0 < |x| < π
2

XY

0 < x <
π
z

AP A,B C



P
(
cos(x), sin(x)

)
A(1, 0) B(cos(x), 0) C(1, tan(x)) C

−−→
OP A

∆POA < OPA < ∆OCA

∆POA =
1
2
(1) sin(x) =

sin(x)
2

OPA =
1
2
arco(radio)2 =

x
2

∆OCA =
tan(x)

2
sin(x)

2
<

x
2
<

tan(x)
2

sin(x) < x < tan(x) sin(x)

1 <
x

sin(x)
<

1
cos(x)

cos(x) <
sen(x)

x
< 1 (∗)

d(A,P ) < arcÂP (1− cos(x))2 + sin2(x) < x2

1− cos(x) <
x2

2
⇒ 1− x2

2
< cos(x) (∗∗)

1− x2

2
< cos(x) <

sin(x)
x

< 1 (∗ ∗ ∗)

xϵ(−π
2
, 0) −π

2
< x < 0 ⇒ 0 < −x <

π
2

∗ ∗ ∗

1− (−x)2

2
< cos(−x) <

sin(−x)
−x

< 1 ⇒ 1− x2

2
< cos(x) <

sin(x)
x

< 1

1− x2

2
< cos(x) <

sin(x)
x

< 1 0 < |x| < π
2

ĺım
x→0

1− x2

2
= 1 y ĺım

x→0
1 = 1

☛
✡

✟
✠ĺım

x→ 0

sin(x)
x

= 1

a, b ∈ R"{0}

ĺım
x→ 0

sen(ax)
ax

= 1 ĺım
x→ 0

tan(ax)
ax

= 1

ĺım
x→ 0

sen(ax)
x

= a ĺım
x→ 0

tan(ax)
x

= a

ĺım
x→ 0

sen(ax)
sen(bx)

=
a
b

ĺım
x→ 0

tan(ax)
tan(bx)

=
a
b



ĺım
x→0

6x− sin(2x)
2x+ 3 sin(4x)

x = 0

ĺım
x→0

6x− sin(2)x
2x+ 3 sin(4x)

=
0
0

ĺım
x→0

6x− sin(2x)
2x+ 3 sin(4x)

= ĺım
x→0

6x− sin(2x)
x

2x+ 3 sin(4x)
x

= ĺım
x→0

6− 2

(
sin(2x)

2x

)

2 + 12

(
sin(4x)

4x

)

=
6− 2
2 + 12

=
2
7

ĺım
x→0

cos(x)− 1
x

x = 0

ĺım
x→0

cos(x)− 1
x

=
cos(0)− 1

0
=

1− 1
0

=
0
0

ĺım
x→0

cos(x)− 1
x

= ĺım
x→0

( cos(x)− 1
x

)( cos(x) + 1
cos(x) + 1

)
= ĺım

x→0

cos2(x)− 1
x(cos(x) + 1)

= − ĺım
x→0

sen2(x)
x(cos(x) + 1)

= −
(

ĺım
x→0

x

)(
ĺım
x→0

sen(x)
x

)2(
ĺım
x→0

1
cos(x) + 1

)

= −(0)(1)
(1
2

)
= 0

ĺım
x→0

cos(x)− 1
x

= 0



ĺım
x→π

4

sen
(
x− π

4

)
cos(x)− 1√

2

x = π
4

ĺım
x→π

4

sen
(
x− π

4

)
cos(x)− 1√

2

=
sen

(
π
4 − π

4

)
cos(π4 )−

1√
2

=
sen(0)
1√
2
− 1√

2

=
0
0

u = x− π
4 x → π

4 u → 0 x = u+ π
4

ĺım
x→π

4

sen
(
x− π

4

)
cos(x)− 1√

2

= ĺım
u→0

sen(u)

cos
(
u+ π

4

)
− 1√

2

= ĺım
u→0

sen(u)

cos(u)cos
(

π
4

)
− sen(u)sen

(
π
4

)
− 1√

2

= ĺım
u→0

sen(u)
1√
2

(
cos(u)− sen(u)− 1

)
u

=
√
2 ĺım

u→0

sen(u)
u

cos(u)− sen(u)− 1
u

=
√
2

ĺım
u→0

sen(u)
u

ĺım
u→0

cos(u)− 1
u

− ĺım
u→0

sen(u)
u

=
√
2

(
1

0− 1

)

= −
√
2



ĺım
x→0

cos(mx)− cos(nx)
x2

x = 0

ĺım
x→0

cos(mx)− cos(nx)
x2

=
cos(0)− cos(0)

02
=

1− 1
0

=
0
0

ĺım
x→0

cos(mx)− cos(nx)
x2

= ĺım
x→0

(
1− cos(nx)

)
−

(
1− cos(mx)

)
x2

= ĺım
x→0

(
1− cos(nx)

)
x2

− ĺım
x→0

(
1− cos(mx)

)
x2



= ĺım
x→0

(
1− cos(nx)

x2

)(
1 + cos(nx)
1 + cos(nx)

)

− ĺım
x→0

(
1− cos(mx)

x2

)(
1 + cos(mx)
1 + cos(mx)

)

= ĺım
x→0

(
sen2(nx)

x2

)(
1

1 + cos(nx)

)

− ĺım
x→0

(
sen2(mx)

x2

)(
1

1 + cos(mx)

)

= n2 ĺım
x→0

(
sen(nx)

nx

)2(
1

1 + cos(nx)

)

− ĺım
x→0

m2

(
sen(mx)

mx

)2(
1

1 + cos(mx)

)

= n2(1)
( 1
1 + 1

)
−m2(1)

( 1
1 + 1

)
=

(n2 −m2

2

)

ĺım
x→0

1−
√

cos(x)

x2

ĺım
x→0

1−
√

cos(x)

x2
= ĺım

x→0

(
1−

√
cos(x)

x2

)(
1 +

√
cos(x)

1 +
√

cos(x)

)

=

(
1− cos(x)

x2(1 +
√

cos(x))

)(
1 + cos(x)
1 + cos(x)

)

= ĺım
x→0

1− cos2(x)

x2(1 +
√

cos(x))(1 + cosx)

= ĺım
x→0

(
sin2(x)

x2

)(
1(

1 +
√

cos(x)
)
(1 + cos(x))

)



=

(
ĺım
x→0

sin(x)
x

)2

ĺım
x→0

(
1(

1 +
√

cos(x)
)
(1 + cos(x))

)

= 1

(
1

1 + 1

)

=
1
4

ĺım
x→π

1− sen
(x
2

)
π − x

0

ĺım
x→0

cos(x)− cos(3x)
x2

4

ĺım
x→0

tg(x)− sen(x)
x3

1
2

ĺım
x→0

x− sen(2x)
x+ sen(3x)

−1
4

ĺım
h→0

sen(x+ h)− sen(x)
h

cosx

ĺım
x→0

√
1 + sen(x)−

√
1− sen(x)

x

1

ĺım
x→0

cos(x)− cos(2x)
1− cos(x)

3

ĺım
x→0

1− cos7(x)
x2

7
2

ĺım
x→

π
2

1− sen(x)

(
π
2
− x)2

1
2

ĺım
x→

π
4

cos(x)− sen(x)
cos(2x)



√
2
2

ĺım
x→1

(1− x)tg
(πx

2

)
2
π

ĺım
x→

π
6

sen
(
x− π/6

)
√
3/2− cos(x)

2

ĺım
x→

π
4

sen(x)− cos(x)
1− tg(x)

− 1√
2

ĺım
x→0

sen(3x).sen(5x)
(x− x3)2

15

ĺım
x→0

√
x2 + 4− 3cos(x) + 1

1− cos(x)

7
2

ĺım
x→

π
2

tg2(x)(
√

2sen2(x) + 3sen(x) + 4−
√

sen2(x) + 6sen(x) + 12)

1
12

ĺım
x→0

sen(a+ 2x)− 2sen(a+ x) + sena
x2

−sen(a)

ĺım
x→0

2−
√

cos(x)− cos(x)

x2

3
4

ĺım
x→0

(
2

sen2(x)
− 1

1− cos(x)
)

1
2

ĺım
x→0

4cos(x)− cos(2x)− 3
xsen3(x)

∞



ε =
{
ε1 =

(
1 +

1
1

)
, ε2 =

(
1 +

1
2

)2
, ....., εn =

(
1 +

1
n

)n
, ...

}
e ε

ĺım
n→ +∞

(
1 +

1
n

)n
= e

ĺım
x→ 0

(
1 + x

) 1
x = e

ĺım
x→ +∞

(
1 +

1
x

)x
= e

z =
1
x

ĺım
x→ +∞

(
1 +

1
x

)x
= e



ĺım
x→ x0

(f(x))g(x)

ĺım
x→ x0

f(x) = A ĺım
x→ x0

g(x) = B

ĺım
x→ x0

(f(x))
ĺım

x→ x0
g(x)

= AB

ĺım
x→ x0

f(x) = A ̸= 1 ĺım
x→ x0

g(x) = ±∞

ĺım
x→ x0

(f(x))g(x)

ĺım
x→ x0

f(x) = A = 1 ĺım
x→ x0

g(x) = ±∞

1±∞

f(x) = 1 + φ(x) ĺım
x→ x0

φ(x) = 0

ĺım
x→ x0

(f(x))g(x) = ĺım
x→ x0

[
(1 + φ(x))

1
φ(x)

]φ(x)g(x)
= ϱ

ĺım
x→ x0

φ(x)g(x)

ĺım
x→ x0

ln
(
f(x)

)
= ln

(
ĺım

x→ x0
f(x)

)

ĺım
x→0

(
cos(x) + 5 (sen(3x)

) 1
x

x = 0

ĺım
x→0

(
cos(x) + 5 sen(3x)

) 1
x = ĺım

x→0

(
cos(0) + 5 sen(3 ∗ 0)

) 1
0

=
(
1 + 0

)∞
= 1∞



ĺım
x→0

(
cos(x) + 5 sen(3x)

) 1
x =

= ĺım
x→0

(
+ cos(x) + 5 sen(3x)−1

) 1
x

= ĺım
x→0

[(
1 + cos(x) + 5 sen(3x)− 1

) 1
cos(x)+5 sen(3x)−1

] cos(x)+5 sen(3x)−1
x

φ(x) = cos(x) + 5 sen(3x)− 1

=

[
e

] ĺım
x→0

cos(x) + 5 sen(3x)− 1
x

=

[
e

]{ ĺım
x→0

cos(x)− 1
x

+ ĺım
x→0

15
sen(3x)

3x

}

=

[
e

]{0+15

}

= e15

ĺım
x→+∞

(x2 + x+ 1
2x2 − 3

)x

ĺım
x→+∞

(x2 + x+ 1
2x2 − 3

)x
=

(1
2

)+∞

= 0

∴ ĺım
x→+∞

(x2 + x+ 1
2x2 − 3

)x
= 0



ĺım
x→+∞

(x2 + 2x+ 1
x2 − 3x+ 2

)x+1

ĺım
x→+∞

(x2 + 2x+ 1
x2 − 3x+ 2

)x+1
=

(
1
)+∞

ĺım
x→+∞

(x2 + 2x+ 1
x2 − 3x+ 2

)x+1
= ĺım

x→+∞

(
1 +

x2 + 2x+ 1
x2 − 3x+ 2

− 1
)x+1

= ĺım
x→+∞

[(
1 +

5x− 1
x2 − 3x+ 2

) x2−3x+2
5x−1

] 5x−1
x2−3x+2

(x+1)

= e
ĺım

x→+∞

5x− 1
x2 − 3x+ 2

(x+ 1)

= e
ĺım

x→+∞

5x2 + 4x− 1
x2 − 3x+ 2

= e5

ĺım
x→0

e5x − 1
x

x = 0

ĺım
x→0

e5x − 1
x

=
e0 − 1

0
=

0
0

u = e5x − 1 x = 1
5 ln(1 + u) x → 0 u → 0



ĺım
x→0

e5x − 1
x

= 5 ĺım
u→0

u
ln(1 + u)

=
5

ĺım
u→0

ln(1 + u)
u

=
5

ln

(
ĺım
u→0

(
1 + u

) 1
u

)

=
5

ln(e)

= 5

ĺım
x→0

e3x − ex

tan(x)

ĺım
x→0

e3x − ex

tan(x)
= ĺım

x→0

ex(e2x − 1)
tan(x)

x

= ĺım
x→0

ex(e2x−1)
x

tan(x)
x

= ĺım
x→0

ex ∗

A︷ ︸︸ ︷
ĺım
x→0

e2x − 1
x

ĺım
x→0

tan(x)
x

A

= 1
(2
1

)
= 2



ĺım
x→0

5x − 3x

x

ĺım
x→0

5x − 3x

x
= ĺım

x→0

5x − 3x

x

= ĺım
x→0

5x − 1
x

− ĺım
x→0

3x − 1
x

u = 5x − 1 x = ln(1+u)
ln(5) x → 0 u → 0

z = 3x − 1 x = ln(1+z)
ln(3) x → 0 z → 0

= ln(5) ĺım
u→0

u
ln(1 + u)

− ln(3) ĺım
z→0

z
ln(1 + z)

= ln(5) ĺım
u→0

1
1
u ln(1 + u)

− ln(3) ĺım
z→0

1
1
z ln(1 + z)

=
ln(5)

ln
(
ĺım
u→0

(1 + u)
1
u

) − ln(3)

ln
(
ĺım
z→0

(1 + z)
1
z

)

=
ln(5)
ln(e)

− ln(3)
ln(e)

= ln(5)− ln(3)



ĺım
x→∞

(
x3 + 2x+ 3

x3 + 4

)(x2+2)

e2

ĺım
x→∞

(
x2 − 2x+ 1
x2 − 4x+ 2

)x

e2

ĺım
x→∞

(
3x− 4
3x+ 2

)x+ 1
3

e−2/3

ĺım
x→0

(cos(x) + sen(x))

1
x

e

ĺım
x→0

Ln(a+ x)− Ln(a)
x

1
a

ĺım
x→∞

x(ln(x+ a)− ln(x))

a

ĺım
x→0

(
x2 − 2x+ 3
x2 − 3x+ 2

)sen(x)
x

3
2

ĺım
x→∞

(
x2 − 1
x2 + 1

)x− 1
x+ 1

1

ĺım
x→0

x
√
1− 2x

e−2

ĺım
x→∞

(
x+ a
x− a

)x

e2a

ĺım
x→0

(
1 + tgx
1− tgx

) 1
sen(x)



e2

ĺım
x→0

(
1 + tg(x)
1− sen(x)

) 1
sen(x)

e2

ĺım
x→0

(√
2−

√
cos(x)

) 1
x2

1

ĺım
x→0

(
cos(x)

) 1
x2

e
−
1
2

ĺım
x→0

(
cos

√
5a
x

)bx

e

15ab
2

ĺım
x→0

[
(ex + x)tg(x)

(1 + sen(x))x

] ctg(x)
x

e

ĺım
x→

π
2

(sen(x))tg(x)

1

ĺım
x→0

(
cos(x)
cos2x

) 1
x2

e

3
2

ĺım
x→0

(
1 + x2

)ctg2(x)

e

ĺım
x→a

x− a
Ln(x)− Ln(a)

a



y = f(x) r A ∈ f(x) A

y = f(x) r A

ĺım
A→ ∞

d(r, A) = 0

r

x = a

y = a

y = a+ bx

x = a f

ĺım
x→x−

0

f(x) = ±∞ ĺım
x→x+

0

f(x) = ±∞



x = 2 f(x) =
x+ 1
x− 2

ĺım
x→2−

x+ 1
x− 2

= −∞,

ĺım
x→2+

x+ 1
x− 2

= ∞

y = a f

ĺım
x→−∞

f(x) = a ĺım
x→+∞

f(x) = a a ∈ R

y = 1 f(x) =
x+ 1
x− 2

ĺım
x→−∞

x+ 1
x− 2

= ĺım
x→−∞

1 +
3

x− 2
= 1,

ĺım
x→+∞

x+ 1
x− 2

= ĺım
x→+∞

1 +
3

x− 2
= 1



y = a+ bx f(x)

ĺım
x→+∞

f(x)
x

= b ĺım
x→+∞

(
f(x)− bx

)
= a.

ĺım
x→−∞

f(x)
x

= b ĺım
x→−∞

(
f(x)− bx

)
= a

y = x+ 1 f(x) =
x2

x− 1

y = a+ bx

a = ĺım
x→±∞

f(x)
x

= ĺım
x→±∞

( x2

x−1

x

)
= ĺım

x→±∞

( x2

x2 − x

)
= 1,

b = ĺım
x→±∞

(
f(x)− bx

)
= ĺım

x→±∞

( x2

x− 1
− x

)
= ĺım

x→±∞

(
1 +

x
x− 1

)
= 1
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f : A → B f x0 ∈ R

f(x0)

ĺım
x→ x0

f(x)

ĺım
x→ x0

f(x) = f(x0)

f(x) x = x0

f(x) x = x0

f : A → B f x0 ∈ R

ĺım
x→ x0

f(x) = f(x0)

f(x) g(x) I = [a, b]

x = x0

k ∗ f(x) x = x0 ∀k ∈ R



f(x)± g(x) x = x0

f(x) ∗ g(x) x = x0

f(x)
g(x)

I x0 ∈ I g(x0) = 0

f(x) f(x) = P (x) P (x)

P (x) = anx
n +an−1x

n−1 + ... a2x
2 +a1x+a0 an ̸= 0 n ∈ IN ai ∈ IR ∀i ∈ {0, 1, ..., n}

g(x) x0 f(x) g(x0)
(
f ◦g

)
(x)

x = x0

ĺım
x→ x0

g(x) = L f(x) L

ĺım
x→ x0

f
(
g(x)

)
= f(L) = f

(
ĺım

x→ x0
g(x)

)

ĺım
x→ x0

g(x) = L ⇐⇒ ∀ε
′
> 0 ∃δ > 0/∀x 0 < |x− x0| < δ ⇔ |g(x)− L| < ε

′

f L ⇔ ĺım
y→ L

f(y) = f(L) ⇔

∀ε > 0 ∃δ
′
> 0/∀x : |y − L| < δ

′
⇒ |f(y)− f(L)|| < ε

δ
′
= ε

′

0 < |x− x0| < δ ⇒ |g(x)− L| < δ
′
⇒ |f

(
g(x)

)
− f(L)| < ε

∀ε > 0 ∃δ > 0/∀x : 0 < |x− x0| < δ ⇒ |f(g(x))− f(L)|| < ε ⇔

ĺım
x→ x0

f
(
g(x)

)
= f(L) = f

(
ĺım

x→ x0
g(x)

)

f [a, b] f [a, b]



f [a, b] f [a, b]

∃c d ∈ [a, b]

f(c) = sup
x∈[a,b]

(f(x))

f(d) = ı́nf
x∈[a,b]

(f(x))

m = ı́nf
x∈[a,b]

(f(x))(∗ ∗ ∗)

x ∈ [a, b] f(x) = m

g(x) g(x) = f(x)−m ∀x ∈ [a, b]

f [a, b]
1

g(x)
[a, b]

0 <
1

g(x)
< H ⇔ 1

f(x)−m
< H ⇔ 1

H
< f(x)−m ⇔ m+

1
H

< f(x)

m f(x) [a, b]

m m+
1
H

{f(x)/x ∈ [a, b]}

f(x) x0 f(x0) ̸= 0 [x0 − δ, x0 + δ] f(x)

f(x0) ∀x ∈ Vδ(x0)

f(x) [a, b] f(a) f(b) a < c < b

f(c) = 0



f(x) [a, b] f(a) ̸= f(b) f(x)

f/a) f(b)

f(x) = k x = x0 ∈ R

f(x) = x x = x0 ∈ R

f(x) = anx
n + an−1x

n−1 + ....+ a1x+ a0

an ̸= 0 ∀n ∈ Z+

f(x) =
g(x)
h(x)

x = x0 h(x) ̸= 0



f : A → B f

x = x0

f(x0)

ĺım
x→ x0

f(x)

f(x0) ̸= ĺım
x→ x0

f(x)

f

ĺım
x→ x+

0

f(x) ̸= ĺım
x→ x−

0

f(x)

f x = x0

ĺım
x→ x0

f(x) ±∞

f(x) =
x2 − 1
x− 1

f(x) =
x2 − 1
x− 1

x = 1 x = 1

ĺım
x→2

x2 − 1
x− 1

= ĺım
x→2

x+ 1 = 2.

f(x) =
|x|
x



ĺım
x→0−

|x|
x

= −1

ĺım
x→0+

|x|
x

= 1

ĺım
x→0−

|x|
x

̸= ĺım
x→0+

|x|
x

f(x) = e1/x

ĺım
x→0−

e1/x = 0

ĺım
x→0+

e1/x = +∞

ĺım
x→0−

e1/x ̸= ĺım
x→0+

e1/x

f(x) =
1√

x2 − 1



ĺım
x→1−

1√
x2 − 1

ĺım
x→1+

1√
x2 − 1

= +∞

f f a ∈ R ĺım
x→a

f(x) = f(a)

f(x) =
p(x)
q(x)

p(x) q(x) f a ∈ R

q(x) ĺım
x→a

f(x) = f(a) a q(x)

f(x) = xr r ∈ R f a

(a− δ, a+ δ) ⊂ (f) δ > 0 ĺım
x→a

f(x) = f(a)

f(x) = cx c ∈ R f a ∈ R ĺım
x→a

f(x) = f(a)

f(x) = logc x c ∈ R f a ∈ R+ ĺım
x→a

f(x) = f(a)



f(x) f a ∈ (f)

ĺım
x→a

f(x) = f(a)

x

f(x) =

{
x3 − 1
x− 1

x ̸= 1

x ̸= 1

f(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 + x x ≤ −2

2− x − 2 < x ≤ 2

2x− 1 x > 2

x = −2, x = 2

f(x) =

⎧⎨⎩
sen(x)

x
x ̸= 0

0 x = 0

x = 0

f(x) =

⎧⎨⎩
−|x|+ x

2
x < 0

2 x = 0

x = 0

f(x) =
3x3 + 2x2 − 6x+ 1

x2 − x

x = 0, x = 1

f(x) =
2x− |x|
3x+ |x|

x = 0

f(x) =

⎧⎪⎨⎪⎩
x3 − x2 + 2x− 2

2
x ̸= 1

4 x = 1

x = 1

f(x) =

⎧⎨⎩ x2 + 2 x ≤ 0

2
sen(x)

x
x > 0

R

f(x) =

⎧⎪⎨⎪⎩
3x2 − 7x+ 2

x− 2
x ̸= 0

3 x = 0

x = 0, x = 2

f(x) =

⎧⎪⎨⎪⎩
x2 − x− 2
|x2 − 4| x ̸= ±2

3
4

x = ±2



±2

f(x) =

⎧⎨⎩x2 − 9 x ≤ 3

x x > 3

x = 3

f(x) =

⎧⎪⎨⎪⎩
sen(x)− sen(a)

x− a
x ̸= a

cosa x = a

x = a

f(x) =

⎧⎨⎩
−|x|+ x

2
x < 0

2 x = 0

x = 0

f(x) =

⎧⎪⎨⎪⎩
cos(mx)− cos(nx)

x2
x ̸= 0

m2 − n2

2
x = 0

x = 0

f(x) =

⎧⎪⎨⎪⎩
1 + cos(πx)
x2 − 2x+ 1

x ̸= 1

π2

2
x = 1

∀x
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